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An accurate analytical method has been proposed to solve for stress in a half plane containing a ﬁnite array of ellip-
tic inclusions, the last being a model of near-surface zone of the ﬁbrous composite part. The method combines the
Muskhelishvilis method of complex potentials with the Fourier integral transform technique. By accurate satisfaction
of all the boundary conditions, a primary boundary-value elastostatics problem for a piece-homogeneous domain has
been reduced to an ordinary well-posed set of linear algebraic equations. A properly chosen form of potentials provides
a remarkably simple form of equations and thus an eﬃcient computational algorithm. The theory developed is rather
general and can be applied to solve a variety of elastostatics problems. Up to several hundred interacting inclusions can
be considered in this way in practical simulations which makes the model of composite half plane realistic and ﬂexible
enough to account for the microstructure statistics. The stress concentration factors and eﬀective thermoelastic prop-
erties of random structure composites with dilute concentration of ﬁbers are estimated in the vicinity of a free edge. The
numerical examples are given showing accuracy and numerical eﬃciency of the developed method and disclosing the
way and extent to which the nearby free or loaded boundary inﬂuences the local and mean stress concentration in
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The problem we consider is an elastic equilibrium of a half space containing a ﬁnite array of long parallel
elliptic ﬁbers. Provided the surface load and far stress ﬁeld do not vary in the ﬁber direction, the elastostatic
problem can be thought as two-dimensional (2D) one, namely, an elastic half plane with a ﬁnite number
N > 1 of elliptic inclusions embedded. From the composite mechanics viewpoint, it can be interpreted as
a many-inclusion model of near-surface zone of the ﬁbrous composite part. The models of this kind are
advantageous in that they provide a natural way to study the relationship between the microstructure sta-
tistics and overall composites behavior. However, as analysis of publications shows (see, e.g., the compre-
hensive review by Buryachenko (2001)), the most work done in this area relates to the composites bulk,
whereas relatively few publications can be found in the literature where the many-inclusion models were
applied to study the edge eﬀects in composites.
At the same time, the mentioned problem is of major practical importance. A well-known fact is that in
many cases strength of a solid is governed by its near-surface area being a zone of initiating and developing
the cracks. The ﬁrst reason for it is accumulation near the surface of the defects resulting from fabrication,
service and environment. The second one is that the near-surface stress ﬁeld diﬀers substantially from that
in the bulk and often appears to be favorable for the crack initiation and propagation. Therefore, to get a
reliable estimate of a composite products strength, the edge eﬀects should be taken into account.
Jeﬀery (1920) has solved for stress in a half plane with the circular hole using bipolar coordinates and it
was, probably, the pioneering work in this area. Today, more than 80 years since it has been published, the
‘‘inhomogeneous half plane’’ problem continues to be relevant and attracts the attention of investigators.
The surveys of the work done up to the 1960s can be found in the fundamental book by Savin (1961).
Among the recent publications, we mention the paper by Dong et al. (2004) who tested three numerical
methods on the problem for a half plane containing two circular inclusions. Although only well-separated
and distant from the ﬂat boundary inclusions were considered, discrepancy in the numerical data generated
by the diﬀerent methods has been observed. Verruijt (1998), Ru (2000) and Kooi and Verruijt (2001) used
the method of complex potentials and applied conformal mapping to reduce the half plane with hole prob-
lem to the problem for circular ring. The principal drawback of their approach is that, like the Jeﬀerys solu-
tion, only a single inclusion problem can be considered in this way.
However, this limitation relates the speciﬁc technique rather than the method of complex potentials it-
self. Developed more than 50 years ago by Muskhelishvili (1953), it is now well-recognized as an eﬃcient
tool for solving a variety of 2D problems of linear elastostatics including those stated on the multiply con-
nected domains. This fact makes the method potentially very useful in micromechanics of ﬁbrous compos-
ites because it provides an eﬃcient tool for studying the many-inclusion models with an accurate account
for the ﬁber–ﬁber interactions. In the theoretical study of composites reinforced by the unidirectional cir-
cular ﬁbers, the method has been applied successfully by Horii and Nemat-Nasser (1985), Golovchan et al.
(1993), Buryachenko and Kushch (in press), among many others. Recently, a series solution has been ob-
tained by Kushch et al. (in press) for a piece-homogeneous plane with a number of elliptic inclusions of
arbitrary size, aspect ratio, location and elastic properties. The method developed there combines standard
Muskhelishvilis representation of general solution in terms of complex potentials with the superposition
principle and newly derived re-expansion formulae to obtain a complete solution of the many-inclusion
problem.
It should be mentioned that the investigation of the free edge eﬀect in micromechanics of composites has
a long history initiated in pioneer papers by Pagano, see Pagano and Rybicki (1974), Rybicki and Pagano
(1976) and Reddy (1994). Signiﬁcant progress in this ﬁeld was achieved for the composites of regular struc-
tures, see for references Pagano and Yuan (2000), Buryachenko (2001) and Buryachenko and Pagano
(2005). However, the analogous results for the random structure composites are signiﬁcantly less developed.
The perturbation method for weakly inhomogeneous media was proposed for the free edge analysis of
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structed dispersions of the strains by this method in a ﬁrst-order approximation. Luciano and Willis
(2003) proposed a methodology for obtaining a nonlocal eﬀective constitutive operator in the vicinity of
the free edge of composites with any ratio of the constituent properties; they numerically analyzed a ther-
mal conductivity problem for the random 2-D model structure speciﬁed by two-point exponential correla-
tion function. However, according to the authors knowledge, the analogous elastic problem for an
arbitrary elastic contrast between the constituent properties is not solved even for simplest random struc-
tures, such as a dilute concentration of spherical inclusions. The last classical problem for the 2-D case will
be considered in the current publication.
In the present work, an accurate solution has been obtained for an elastic half plane containing a ﬁnite
array of nonoverlapping elliptic inhomogeneities. To solve for stress, the method of complex potentials has
been combined with the Fourier integral transform technique. In what follows, we consider ﬁrst the aux-
iliary conductivity problem for a half plane with a single hole, where we introduce the basic notations
and give a general idea of the approach. Next, solution of the elastostatics problem for a half plane with
a single inclusion will be described in detail and, ﬁnally, a complete solution of the many-inclusion problem
will be given. The eﬀective thermoelastic properties and stress concentration factors of random structure
composites with dilute concentration of ﬁbers will be estimated in the vicinity of a free edge. The results
of the numerical study are summarized in the last section. Finally, some theoretical results are given in
Appendix A; for their derivation and more details of the method, see Kushch et al. (in press).2. The problem statement
We consider an inﬁnite isotropic elastic half-space containing a ﬁnite array of aligned, elliptic in cross-
section, long ﬁbers. The external load is the uniform far stress tensor S = {Sij} applied in a way that the
stress ﬁeld does not vary in the ﬁbers axis direction. In this case, the problem can be stated as 2-D (plane
strain or plane stress formulation) which, in turn, enables using the method of complex potentials.
The general geometry considered in this work is a piece-homogeneous half plane x2 6 0, containing N
nonoverlapping elliptic inclusions, centered in the points Oq with coordinates (X1q,X2q). An aspect ratio
of qth ellipse is eq = l2q/l1q, l1q and l2q being the major and minor ellipses semi-axis, respectively. For
the simplicity sake, we assume all the ellipses to be equally oriented. Another derivative geometric param-
eter to be used in subsequent analysis is the interfoci distance 2dq, where dq ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
l21q  l22q
q
. Besides the global
Cartesian coordinate system Ox1x2, we introduce the local coordinate systems with origins Oq (Fig. 1).
In our analysis, complex variables of two kinds will be used. The global and local variables of the ﬁrst
kind are the points of the Cartesian complex planez ¼ x1 þ ix2 and zq ¼ x1q þ ix2q; ð2:1Þ
respectively. Clearly, z = zq + Zq, where Zq = X1q + iX2q. The local coordinates of diﬀerent systems are re-
lated by zp = Zpq + zq, where Zpq = Zq  Zp. The variables of the second kind are the local curvilinear
coordinates nq = fq + igq, given byzq ¼ xðnqÞ ¼ dq cosh nq. ð2:2Þ
In fact, (2.2) deﬁnes an elliptic coordinate system with f and g as ‘‘radial’’ and ‘‘angular’’ coordinates,
respectively. In these variables, geometry of qth inclusion can be alternatively deﬁned by a pair of param-
eters (nq0,dq). So, the boundary Sq of the qth ellipse is a coordinate linefq ¼ fq0 ¼ ln
l1q þ l2q
dq
¼ 1
2
ln
1þ eq
1 eq ð2:3Þ
Fig. 1. Geometry of the problem.
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fact makes the elliptic complex variable n particularly useful in the problems formulated on domains with
elliptic boundaries/interfaces.
The displacement u and traction Tn = r Æ n vectors, where r is the stress tensor, are assumed to be con-
tinuous at the elliptic matrix-inclusion interface Sq with the unit normal vector n:½½uSq ¼ 0; ½½TnSq ¼ 0; q ¼ 1; 2; . . . ;N . ð2:4Þ
Here, [[f]]S means a jump of the function f through the boundary S; e.g., ½½uSq ¼ ðuð0Þ  uðqÞÞf¼f0 , where the
upper indices ‘‘0’’ and ‘‘q’’ refer to matrix and qth inclusion, respectively. Also, r = Le, where e ¼ 1
2½ruþ ðruÞ> is the small strain tensor and L = L(G,m) is the isotropic stiﬀness tensor, with the shear mod-
ulus G and Poissons ratio m: G = G0, m = m0 in the matrix and G = Gq, m = mq in the qth inclusion. At the half
plane boundary, the normal tractionTnjx2¼0 ¼ Fðx1Þ ð2:5Þ
is prescribed.
Following Muskhelishvili (1953), we express the displacement vector u = (u1,u2)
> in terms of the com-
plex potentials u and w, namelyu ¼ u1 þ iu2 ¼ ,uðzÞ  ðz zÞu0ðzÞ  wðzÞ; ð2:6Þ
where , ¼ 3  4m for plane strain and , ¼ 3m
1þm for plane stress problem; u means a complex conjugate of u,
etc. Noteworthy, the expression (2.6) is slightly diﬀerent in form but equivalent to the formula originally
suggested by Muskhelishvili. In fact, (2.6) reduces to the standard form by replacing w(z) with
w(z)  zu 0(z), the latter being an analytical function of variable z as well. However, representation (2.6)
is advantageous for our purpose in several ways. Corresponding to u (2.6) Cartesian components of the
stress tensor r are given byr11 þ r22 ¼ 4Gðu0ðzÞ þ u0ðzÞÞ;
r22  r11 þ 2ir12 ¼ 4G½ðz zÞu00ðzÞ  u0ðzÞ þ w0ðzÞ.
ð2:7Þ
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Satisfaction of the conditions (2.4) can be greatly simpliﬁed by rewriting the displacement and traction vec-
tors in terms of their curvilinear, normal and tangential to interface f = f0, components:u ¼ uf þ iug and sn ¼ rff þ irfg. ð2:9Þ
They also can be expressed in terms of the complex potentials (Muskhelishvili, 1953):uf þ iug ¼ x
0ðnÞ
j x0ðnÞ j ½,uðzÞ  ðz zÞu
0ðzÞ  wðzÞ;
rff  irfg
2G
¼ u0ðzÞ þ u0ðzÞ  x
0ðnÞ
x0ðnÞ ½ðz zÞu
00ðzÞ  u0ðzÞ þ w0ðzÞ;
ð2:10Þwhere, from (2.2), x 0(n) = dz/dn = dsinhn.3. Method of solution
The key to success in applying the method of complex potentials is a proper choice of the functions u
and w. Below, we show how these functions can be constructed to provide an eﬃcient solution of the
problem.
3.1. Half plane with elliptic hole: conductivity problem
To illustrate basic technique of the method, we start with the simple auxiliary problem, namely, conduc-
tivity of a half plane x2 6 0 with a single elliptic hole (N = 1). The temperature ﬁeld T satisﬁes the Laplace
equation, written in complex variables aso2T
ozoz
¼ 0. ð3:1Þ
As to the boundary conditions, we prescribe a heat ﬂux q = k$T at the ﬂat boundary x2 = 0ðq  nÞjx2¼0 ¼ Q; ð3:2Þ
whereas the holes surface is assumed to be thermally isolated:ðq  nÞjSq ¼ 0. ð3:3Þ
Here, index q  1 and, in principle, could be omitted; we will keep it to distinguish between the local zq and
global z variables and to provide the uniform notations throughout the paper. Also, for simplicity, Q is
assumed to be constant.
We solve this problem using the theory of complex potentials. The common knowledge is that T can be
found asT ¼ ReðuÞ ¼ 1
2
ðuþ uÞ; ð3:4Þwhere u is the analytical function of complex variable z or z. To ﬁnd u, we make use of the superposition
principle. The domain we consider is an intersection of two single-connected areas, one being a half plane
and another being a plane with elliptic hole. Therefore, it seems natural to decompose u into a sum of
appropriate potentials. Speciﬁcally, we take u in the formu ¼ urðzÞ þ usðzqÞ þ uhðzÞ; ð3:5Þ
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s and uh are the disturbances
induced by the hole and half plane edge, respectively. From the physical consideration, we require both
of them to vanish at inﬁnity.
The speciﬁc form of us and uh has to be chosen to simplify satisfaction of the boundary conditions (3.2)
and (3.3) to a maximum possible extent. The appropriate form of us is a singular part of the seriesusðzqÞ ¼
X
n
Antnq ; ð3:6Þwhere An are the unknown complex coeﬃcients (An  0 for n 6 0) and tq ¼ exp nq ¼ zq=dq þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðzq=dqÞ2  1
q
.
The half plane-related potential uh is given by the Fourier integraluhðzÞ ¼
Z 1
1
pðbÞ expðibzÞdb ð3:7Þwith an unknown complex-value density p(b).
First, we note that the conditionoT
ox2

x2¼0
¼ Q
k
ð3:8Þis equivalent to (3.2) and can be satisﬁed by puttingC1 ¼ 0; C2 ¼ Qk and
o
ox2
Re½usðzqÞ þ uhðzÞjx2¼0 ¼ 0. ð3:9ÞEq. (3.9) will be used to specify p(b) in (3.7). In our geometry (Fig. 1), x2q > 0 at the half plane boundary
and, therefore, we can apply the integral transform (A.1) to rewrite us (3.6) asus ¼
Z 1
0
X1
n¼1
AnnðiÞn JnðdqbÞb exp½ibðz ZqÞdb. ð3:10ÞNow, we substitute (3.10) and (3.7) into (3.9) and require it to be valid for arbitrary x1. As simple analysis
shows, it is possible only whenpðbÞ ¼
X1
n¼1
Anni
n JnðdbÞ
b
expðibZqÞ ð3:11Þfor b > 0 and p(b)  0 otherwise.
The unknown coeﬃcients An will be utilized to satisfy the boundary condition (3.3), which can be re-
duced tooT
on

Sq
¼ oT
of

Sq
¼ 0; ð3:12ÞAt the elliptic boundary Sq, zq = dqcosh(fq0 + igq) and tq = exp(fq0 + igq)] = tq0exp(igq) are the functions
of angular coordinate gq only and, thus, u
s (3.6) is already suitable for our purpose. Representation of the
linear term in (3.5) in the form similar to (3.6) is rather straightforward and givesCz ¼ C2Zq þ C2dq coshðfq0 þ igqÞ. ð3:13Þ
To expand uh into a series, we apply formula (A.2) of Appendix A. The resulting expression isuhðzÞ ¼
Z 1
0
pðbÞ exp½ibðzq þ ZqÞdb ¼
X
m
amtmq ; ð3:14Þ
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Z 1
0
pðbÞJmðdqbÞ expðibZqÞdb. ð3:15ÞFor the speciﬁc form (3.11) of p(b), the expression (3.15) can be simpliﬁed greatly. So, we haveam ¼
X1
n¼1
Anni
nm
Z 1
0
b1JnðdqbÞJmðdqbÞ exp½ibðZq  ZqÞdb ð3:16Þtaking account of (A.4), one obtainsam ¼
X1
n¼1
Anð1ÞnþmgnmðZq  Zq; dq; dqÞ; ð3:17Þwhere gnm are the coeﬃcients of the re-expansion formula (A.3).
The ﬁnal step is substitution of the expressions (3.6), (3.13) and (3.14) into the condition (3.3); after sim-
ple algebra, we getX1
n¼1
nRe Antnq þ an þ
dqQ
2k
dn1
 
ðtnq  tnq Þ
 
Sq
¼ 0; ð3:18Þwhere dij is the Kroneckers delta. Taking account of the orthogonality property of Fourier harmonics ex-
p(ingq) reduces (3.18) to a set of algebraic relationsAn ¼ eanðtq0Þ2n  ean ; n ¼ 1; 2; . . . ð3:19Þ
where ean ¼ an þ dqQ2k dn1. Eqs. (3.19) and (3.17) form an inﬁnite system of linear algebraic equations, from
where the unknown coeﬃcients An can be determined.
To complete this analysis, we mention an alternate way of obtaining Eq. (3.17). Substitution of (3.11)
into (3.7) givesuh ¼
X1
n¼1
Anni
n
Z 1
0
JnðdqbÞ
b
expðibzqÞdb ¼
X1
n¼1
AnðtqÞn; ð3:20Þwhere, on the right-hand side, we made use of (A.1) for Im z < 0; zq ¼ z Zq and tq ¼ tðzqÞ. Noteworthy,
the series representation (3.14) of uh coincides in form with (3.6) but is written in local coordinates with
origin Zq. Moreover, it could be taken instead of (3.7) in (3.5) from the very beginning if we solved the prob-
lem by the ‘‘mirror image’’ method (see Kellogg, 1953; Polubarinova-Kochina, 1962), i.e., by introducing
the ﬁctitious inclusion placed symmetrically with respect to the half plane boundary and thus re-formulat-
ing the initial ‘‘half plane with inclusion’’ problem as that for an inﬁnite plane with two inclusions. Now, to
obtain local expansion of (3.20) in terms of tq, we apply the re-expansion formula (A.3) and immediately
obtain the expression coinciding with (3.17). As rather straightforward to show, in the limiting case of cir-
cular hole the above solution reduces to the exact ﬁnite-form solution by Polubarinova-Kochina (1962).
Note also that Eq. (3.20) provides a simple and eﬃcient way of uh numerical evaluation.
3.2. Half plane with elliptic inclusion: elasticity problem
Next, we consider an elastic half plane with a single elliptic inclusion subjected to the uniform far loading.
By analogy with the above analysis (3.5), we ﬁnd the displacement ﬁeld u = u1 + iu2 as a three-term sumu ¼ ur þ us þ uh; ð3:21Þ
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boundary, respectively. Two ﬁrst terms in (3.21) are essentially the same as in Kushch et al. (in press);
below, we give a brief summary of the formulas derived there.
3.2.1. Unbounded plane
An appropriate form of the potential functions u and w for the domains with elliptic boundaries isu ¼
X
n
Cntn; w ¼ w0  w1 ¼
X
n
Dntn  w1;
w1 ¼ 2
sinh f0
sinh n
sinhðn f0Þ
X
n
nCntn;
ð3:22Þwhere Cn and Dn are the complex coeﬃcients, t = expn and t0 = exp(f0). Accounting for t
n
sinh n ¼ dn dt
n
dz , it is
quite obvious that both u and w (3.22) are the analytical functions of z.
The displacement ﬁeld u(q) inside the inclusion is regular, i.e., continuous and ﬁnite in any point of inclu-
sion. It means that Laurent series expansions of the corresponding complex potentials contain the terms with
non-negative powers of z only. The following relations betweenCn andDnwith positive and negative indices n,Cn ¼ Cn; Dn ¼ Dn þ 2n sinhð2f0ÞCn; n > 0; ð3:23Þ
provide regularity of the displacement u(q) and stress r(q) ﬁelds.
As to displacement in the matrix domain, we write it as a sum of regular and singular parts:
u(0) = ur + us. Here, ur represents the far ﬁeld whereas us describes disturbance induced by the inclusion;
expectably, us ! 0 as jzj ! 1. The corresponding potentials u and w also can be divided into singular
and regular partsu ¼ ur þ us; w ¼ wr þ ws. ð3:24Þ
The explicit form of us and ws is given by Eq. (3.22) with replacing Cn and Dn to An and Bn, respectively.
where we keep the series terms with negative powers of tonly to provide vanishing of the disturbance ﬁeld
at inﬁnity. Thus,An ¼ Bn  0 for n 6 0. ð3:25Þ
The potentials ur and wr entering ur can be written in the form (3.22) with the unknown coeﬃcients arn and
brn which comply (3.23) as well.
For example, let us consider a far ﬁeld induced by the remote constant strain tensor E = {Eij}. Repre-
sentation of the corresponding linear displacement ﬁeldur ¼ ðE11x1 þ E12x2Þ þ iðE12x1 þ E22x2Þ ð3:26Þ
takes the form (2.6) with the potentials (3.22), wherear1 ¼
dq
4
E11 þ E22
ð,0  1Þ ; b
r
1 ¼ ar1t2q0 þ
dq
4
ðE22  E11 þ 2iE12Þ; ð3:27Þar1 and b
r
1 are given by (3.23) and all other a
r
n and b
r
n for n5 ±1 are equal to zero. For the far stress tensor
S = {Sij} prescribed, we have quite similar expressions:ar1 ¼
dq
16G0
ðS11 þ S22Þ; br1 ¼ ar1t2q0 þ
dq
8G0
ðS22  S11 þ 2iS12Þ. ð3:28ÞWith u and w in the form (3.22), the expression of u and sn (2.9) at the interface fq = fq0 is simpliﬁed sub-
stantially. So, the ﬁrst condition (2.4) reduces to½½uSq ¼ ½½,u w0Sq ¼ 0 ð3:29Þ
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n
,0ðAn þ anÞenfq0ingqq  ðBn þ bnÞenfq0þingq
h i
¼
X
n
ð,qCnenfq0ingq  Dnenfq0þingqÞ;where ,q ¼ ,ðmqÞ. The orthogonality property of Fourier harmonics exp(ingq) allows us to decompose the
functional equality (3.29) into an inﬁnite set of linear algebraic equations,0ðAn þ anÞtnq0  ðBn þ bnÞtnq0 ¼ ,qCntnq0  Dntnq0. ð3:30Þ
By applying the same procedure to second of the conditions (2.4) and taking account of½½x0snSq ¼ ½½2Gðu0  w00ÞSq ¼ 0 ð3:31Þ
we get another set of linear equations:ðAn þ anÞtnq0 þ ðBn þ bnÞtnq0 ¼ kqðCntnq0 þ Dntnq0Þ; ð3:32Þ
where kq = Gq/G0. Eqs. (3.30) and (3.32) are remarkably simple (see, for comparison, Meisner and Kouris,
1995) which clearly indicates rational choice of the potential functions (3.22).
In the Eshelby-type problem, ur (or, what the same, arn and b
r
n) is assumed to be known. In this case, Eqs.
(3.30) and (3.32) together with (3.23) and (3.25) form a closed set of linear algebraic equations possessing a
unique solution. By substituting (3.23) and (3.25) into (3.30) and (3.32) we come to the resolving linear
system,0An  ,qCn þ ðDn  2n sinh 2fq0CnÞt2nq0 ¼ ,0an þ bnt2nq0;
Bn þ ,qCnt2nq0  Dn ¼ ,0ant2nq0  bn;
An  kqCn  kqðDn  2n sinh 2fq0CnÞt2nq0 ¼ an  bnt2nq0;
Bn  kqCnt2nq0  kqDn ¼ ant2nq0  bn; n ¼ 1; 2; . . . ð3:33Þwith the unknowns An, Bn, Cn and Dn (n > 0) and with the coeﬃcients an ¼ arn and bn ¼ brn entering the
right-hand side vector.
3.2.2. Contribution from the half plane boundary
The half plane edge disturbance uh(z) is given by (2.6) with the potentials, analogous to (3.7): namely,uhðzÞ ¼
Z 1
0
pðbÞ expðibzÞdb; whðzÞ ¼
Z 1
0
qðbÞ expðibzÞdb. ð3:34ÞFor the time being, we apply at the ﬂat boundary the uniform load compatible with the far stress ﬁeld
S = {Sij}:snðuÞjx2¼0 ¼ S22 þ iS12. ð3:35Þ
It is obvious that ur (3.26), with Eij given by E = L
1S, satisﬁes (3.35) and reduces it to the homogeneous
boundary conditionsnðus þ uhÞjx2¼0 ¼ 0 ð3:36Þ
equivalent to (3.9) in the conductivity problem.
We make use of (3.36) to ﬁnd the integral densities p(b) and q(b). It follows from (2.8) and (3.34) that at
x2 = 0snðuhÞ
2G0
¼ uh0 þ wh0 ¼
Z 1
0
ðibÞ½pðbÞ expðibx1Þ  qðbÞ expðibx1Þdb. ð3:37Þ
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2G0
¼ ðzq  zqÞus00ðzqÞ þ us0ðzqÞ þ ws0ðzqÞ. ð3:38ÞApplication of the transformation rule (3.10)–(3.39) givesusðzqÞ ¼
Z 1
o
X1
n¼1
nðiÞnAn Jnb expðibzqÞdb;
wsðzqÞ ¼
Z 1
0
X1
n¼1
nðiÞn Bn Jnb  Andq sinh fq0
Jn1
tq0
þ tq0Jnþ1
  
expðibzqÞdb.
ð3:39ÞDiﬀerentiation of these expressions with respect to zq does not meet any diﬃculties: by their substitution
into (3.38) we obtainsnðusÞ
2G0

x2¼0
¼
Z 1
0
ðibÞfQðbÞ expðibZqÞ expðibx1Þ þ ½P ðbÞ  2bX 2qQðbÞ expðibZqÞ expðibx1Þgdb;
ð3:40Þ
whereP ðbÞ ¼
X1
n¼1
nðiÞn Bn Jnb  Andq sinh fq0
Jn1
tq0
þ tq0Jnþ1
  
;
QðbÞ ¼
X1
n¼1
nðiÞnAn Jnb .
ð3:41ÞHere, as well as in (3.39), Jn = Jn(dqb). Now, we substitute (3.37) and (3.40) into (3.36) to get the ﬁnite rela-
tions between p(b), q(b) and An, Bn:pðbÞ ¼ ½PðbÞ  2bX 2qQðbÞ expðibZqÞ;
qðbÞ ¼ QðbÞ expðibZqÞ.
ð3:42ÞAgain, p(b) = q(b)  0 for b < 0.
Remark 1. The traction boundary condition (3.35) is obviously not the only choice. We can consider in the
same way the displacement or mixed-mode condition at the ﬂat boundary of the half plane and, moreover,
these conditions can be inhomogeneous. For example, let (3.35) has the formsnðuÞjx2¼0 ¼ S22 þ F 22ðx1Þ þ iðS12 þ F 12ðx1ÞÞ;
wherehF i ¼
Z 1
1
ðF 22 þ iF 12Þdx1 ¼ 0.The last condition provides the total (surface plus far ﬁeld) force balance and is not restrictive in any way.
In this case, the condition (3.36) has the non-zero right-hand side:snðus þ uhÞjx2¼0 ¼
Z 1
1
f ðbÞ expðibx1Þdb;where f(b) is given by the inverse Fourier transformf ðbÞ ¼ 1
2p
Z 1
1
ðF 22 þ iF 12Þ expðibx1Þdx1.
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of solution.
The disturbance from the half plane boundary also contributes to the ﬁeld around the inclusion, and, to
obtain a resolving set of equations for An and Bn, we need ﬁrst to expand uh locally in a vicinity of the point
Oq. This ﬁeld is regular in every point of the half plane and, hence, its expansion has the form (3.22) and
(3.23). In fact, we need such an expansion at the boundary fq = fq0 only, where, in accordance with (3.29), it
simpliﬁes touhðzÞ ¼
X
n
tnq0 ð,0ahnqeingq  bhnqeingqÞ. ð3:43ÞTo ﬁnd the expansion coeﬃcients ahnq and b
h
nq, we make use of formula (3.14). By equalizing the terms with
,0 in (3.34) and (3.43) ﬁrst, we come to the formula, quite similar to (3.15):ahnq ¼ ahnq ¼ ðinÞ
Z 1
0
pðbÞJnðdqbÞ expðibZqÞdb. ð3:44Þ
Expansion in a similar manner of the remaining terms in (3.34), ðz zÞuh0ðzÞ and whðzÞ, gives us alsobhnq ¼ ðinÞ
Z 1
0
qðbÞJnðdqbÞ  bpðbÞ 2X 2qJnðdqbÞ þ dq sinh fq0 tq0Jn1ðdqbÞ þ
Jnþ1ðdqbÞ
tq0
   	
 expðibZqÞdb. ð3:45ÞThe resolving set of linear algebraic equations has the form (3.33), with an ¼ arn þ ahnq and bn ¼ brn þ bhnq.
To get it in explicit form for direct solver one needs to substitute (3.41) and (3.42) into (3.44) and (3.45) and
then into (3.33). Alternatively, the simple iterative solving procedure can be applied here: given some initial
guess of An, Bn, Cn and Dn, we compute ahnq and b
h
nq from (3.41), (3.42), (3.44) and (3.45), then substitute
them into the right-hand side of (3.33) and solve it for the next approximation of unknown coeﬃcients,
etc. As computational practice shows, this procedure works well excluding only the case of inclusion nearly
touching the half plane boundary where, to provide fast convergence of numerical algorithm, the initial
approximation has to be taken properly.
3.3. Finite array of inclusions in half plane
Now, we have all the components of solution and can come back to the problem stated at the beginning
of the paper. To write a solution for a multiply connected matrix domain, we make use of the superposition
principle:uð0Þ ¼ urðzÞ þ
XN
p¼1
uspðzpÞ þ uhðzÞ; ð3:46Þwhereusp ¼ ,0uspðzpÞ  ðzp  zpÞus0p ðzpÞ  wspðzpÞ
is a disturbance induced by the pth inclusion and decaying at jzj ! 1. The corresponding complex poten-
tials usp and w
s
p are again taken in the form (3.22), where, by analogy with (3.25), Anp = Bnp = 0 for n 6 0
and, thus,usp ¼
X1
n¼1
Anptnp ;
wsp ¼
X1
n¼1
Bnp  2nAnp
sinh fp0
sinh np
sinhðnp  fp0Þ
 
tnp .
ð3:47Þ
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Therefore, in order to satisfy the interface conditions (2.4) for, say, qth inclusion in a way exposed in
the previous section, we need to ﬁnd local expansion of (3.46) in variables of a given local coordinate sys-
tem. In fact, we have to transform all the terms in the sum but one with p = q. For this purpose, the re-
expansion formulas for the complex potentials, given in Appendix A, can be utilized. So, by applying
(A.3) to usp we immediately getasnq ¼
X
p 6¼q
X1
m¼1
Ampgpqmn. ð3:48ÞThe bnq expression for n < 0 is (Kushch et al., in press):bsnq ¼
X
p 6¼q
X1
m¼1
Bmpgpqmn þ
X1
m¼1
Amp
(
m
2
ðtp0  t1p0 Þ2lpqmþ1;n þ nðt2q0  1Þ  nð1 t2p0 Þ
h i
gpqmn
þðtq0  t1q0 Þ2
X1
k¼1
ð2k  nÞgpqm;2kn þ
2
dq
ðZpq  ZpqÞ
X1
k¼0
ð2k þ 1 nÞgpqm;2kþ1n
)
; ð3:49Þfor n > 0, in accordance with (3.23),bsnq ¼ bsn;q þ nðt2q0  t2q0 Þasnq. ð3:50Þ
As to ahnq, they are given by formulas (3.44) and (3.45), where in the expressions for p(b) and q(b) summa-
tion is to be made over all the inclusions. In the explicit form,pðbÞ ¼
XN
p¼1
X1
n¼1
nin Bnp
JnðdpbÞ
b
 Anp 2X 2pJnðdpbÞ

þ dp sinh 2fp0
Jn1ðdpbÞ
tq0
þ tq0Jnþ1ðdpbÞ
 	
expðibZpÞ;
qðbÞ ¼
XN
p¼1
X1
n¼1
ninAnp
JnðdpbÞ
b
expðibZpÞ.
ð3:51ÞThe resolving set of linear equations is a trivial generalization of (3.33):,0Anq  ,qCnq þ ðDnq  2n sinh 2fq0CnqÞt2nq0
¼ ,0anq þ bn;qt2nq0; Bnq þ ,qCnqt2nq0  Dnq ¼ ,0an;qt2nq0  bnq; Anq  kqCnq
 kqðDnq  2n sinh 2fq0CnqÞt2nq0 ¼ anq  bn;qt2nq0; Bnq  kqCnqt2nq0  kqDnq
¼ an;qt2nq0  bnq; n ¼ 1; 2; . . . ; q ¼ 1; 2; . . . ;N ; ð3:52Þ
where now anq ¼ arn þ asnq þ ahnq and bnq ¼ brnq þ bsnq þ bhnq; Cnq and Dnq are the expansion coeﬃcients of solu-
tion in the qth inclusion.
Remark 2. Evaluation of the inﬁnite integrals entering (3.46) requires a considerable computational eﬀort
and can aﬀect eﬃciency of the numerical algorithm. It is possible to avoid direct integration, at least in the
case of surface load taken in the form (3.35). To this end, we derive the formulas, application of which
makes the solution for piece-homogeneous half plane as eﬃcient as that for an unbounded plane. First, we
substitute q(b) (3.51) into (3.34) and apply the integral transform (A.1) to obtain, by analogy with (3.20),wh ¼
XN
p¼1
X1
n¼1
Anpni
n
Z 1
0
JnðdpbÞ
b
expðibzpÞdb ¼
XN
p¼1
X1
n¼1
AnpðtpÞn;
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d
dz
tn ¼ n t
n
d sinh n
¼ nin1
1
0
JnðdbÞ expðibzÞdb.Applying of this formula, together with (A.1), gives us alsouh ¼
XN
p¼1
X1
n¼1
BnpðtpÞn  Anp ðZp  ZpÞ
d
dz
ðtpÞn þ 2n
sinh fp0
sinh np
sinhðnp  fp0ÞðtpÞn
" #( )
.Noteworthy, these formulae are exact and provide an efﬁcient way of the displacement and stress ﬁelds
evaluation. Possibly, even more important is that they give a clear idea of how solution for a half plane
can be constructed in terms of algebraic functions in the framework of the above mentioned ‘‘mirror im-
age’’ approach. However, such a solution is restricted to the case of uniform surface load (3.35) whereas the
method exposed in the present communication is rather general and allows us to ﬁnd solution for an arbi-
trary surface load.
To complete the theoretical part of the paper, we note the following. Although the above derivation was
done for a purely elastic problem, the obtained formulas work as well in the case where, beside the far
mechanical load, the constant initial phase stress (e.g., residual or thermal ones) in the form of eigenstress
or eigenstrain tensor was prescribed. Namely, the constitutive equationsrðxÞ ¼ LeðxÞ þ a; eðxÞ ¼MrðxÞ þ b ð3:53Þ
are assumed, where M = (L)1 and L are the tensors of compliance and stiﬀness, b and a  Lb are sec-
ond-order eigenstrain and eigenstress tensors, respectively; b = b(0) in the matrix and b = b(q) in qth inclu-
sion. The constant tensor in (3.53) does not inﬂuence ﬂow of solution and leads to the resolving system
(3.52) with the extra terms standing on the right-hand side of the last two equations for n = 1 (Kushch
et al., in press). They are dqðrT1 þ rT1 t2q0Þ=8G0 and dqðrT1 t2q0 þ rT1 Þ=8G0, respectively, where rT1 ¼ ðaðqÞ11 þ
aðqÞ22 Þ  ðað0Þ11 þ að0Þ22 Þ and rT2 ¼ ðaðqÞ22  aðqÞ11  2iaðqÞ12 Þ  ðað0Þ22  að0Þ11  2iað0Þ12 Þ.
The problems of this kind are rather typical in the composite micromechanics (see, e.g., Buryachenko,
2001). In the next section, we apply the derived solution for an inhomogeneous half plane to study the local
stress concentration and eﬀective compliance and thermal expansion tensors in the near-surface layer of
dilute ﬁbrous composite.4. Microinhomogeneous half plane with dilute concentration of randomly dispersed inclusions
Let us consider a half plane X(0)  {x2 6 0} containing randomly distributed aligned elliptical identical
inclusions Xi (X
(1)  [Xi) with the semi-axes l1 and l2 and a dilute concentration when the interaction be-
tween the inclusions is negligible. The number density of the random ﬁeld of inclusion centers is described
by the Heaviside step function H: n(x) = n(1  H(x2 + 1.05 Æ l2)), where the factor 1.05 is introduced with
the purpose to avoid the problems of an accuracy reduction of the solution in the case of nearly touching
inclusion and the boundary x2 = 0. At a suﬃcient distance from the boundary x2 = 0, the numerical density
is related with the surface concentration of inclusion by the equality c(x) = c1 = npl1l2, x = (x1,1)>.
We decompose the overall ﬁeld asrðxÞ ¼ rIðxÞ þ rIIðxÞ; ð4:1Þ
with the sourcesbIðxÞ ¼ 0; TIðxÞ ¼ TðxÞ; ð4:2Þ
bIIðxÞ ¼ bðxÞ; TIIðxÞ ¼ 0. ð4:3Þ
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where B* is a fourth-order tensor; their phase conditional statistical averages BkðxÞ  hBiðkÞðxÞ (k = 0,1;
x 2 X(k)) are called the mechanical stress concentration tensors; it is necessary that hB*i(x) = I, where I
is the unit fourth-order tensor. Here the argument x used after the operation of statistical average
h( Æ )i(x) indicates the dependence of the relevant variable on the coordinate x. In so doing the stress ﬁeld
in the absence of inclusions is assumed to be homogeneous r(x)  S = const., and the statistical average
stress ﬁeld in the composite, due to the dilute concentration of inclusions, is also homogeneous hri(x)  S.
The overall constitutive relations are written asheiðxÞ ¼MðxÞhriðxÞ þ bðxÞ. ð4:5Þ
Then eﬀective parameters M* and b* are found from the solution of the decomposed thermoelastic prob-
lem (4.1)–(4.4)MðxÞ ¼Mð0Þ þ hM1BiðxÞ; ð4:6Þ
bðxÞ ¼ bð0Þ þ hb1 þM1rIIiðxÞ; ð4:7Þwhich are reduced to the Eshelby (1957) solution for the remote points x = (x1,1)>M1 ¼Mð0Þ þ c1Mð1Þ1 B; ð4:8Þ
b1 ¼ bð0Þ þ c1ðI BQÞbð1Þ1 ; ð4:9Þwhere B = (I + QM1)
1 andQ = L(0)(I  SE) are deﬁned in terms of the Eshelby tensor SE. Here and in the
following the upper index (k) indicate the kth phase, all tensors g (g =M,b) of material properties are
decomposed as g ¼ gð0Þ þ g1ðxÞ ¼ gð0Þ þ gð1Þ1 V ðxÞ, where V(x) is a characteristic function of inclusions
equals 1 at x 2 X(1) and 0 otherwise. Estimation of M*(x) can be performed through the evaluation of
the stresses rI(x) inside the moving inclusion x 2 Xi at three diﬀerent unit stresses S = const. with a single
nonzero component Sj = 1; otherwise Sk  0 (j,k = 1,2,3; k5 j), and b  0. Then the tensor B*(x) is rep-
resented explicitly over the found stress ﬁeld rIðxÞ: BjmðxÞ ¼ rImðxÞ for Sj = 1, Sk  0 (j5 k), where
j,k,m = 1,2,3 and x 2 X(1).
The number density n(x) does not depend on the coordinate x1, and because of this, the statistical aver-
age in the point x = (x1,x2)
> can be reduced to the estimation of the average over the line x2 = const. Then
for the function f(x) vanishing in the matrix (e.g. f =M1(x)B*(x), b1(x) +M1(x)r(x)), we gethfiðxÞ ¼
Z x2þl2
x2l2
nðy2Þ
Z hðx2;y2Þ
hðx2;y2Þ
fðyÞdy1 dy2; ð4:10Þwhere the second integration is performed over chord [h(x2,y2),h(x2,y2)] with hðx2; y2Þ ¼ ðl1=l2Þﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
l22  ðy2  x2Þ2
q
is deﬁned by an intersection of the ﬁxed line x2 = const. and the ellipse with the center with
the varying second coordinate y2. In particular, the random characteristic function of inclusions V(x) makes
it possible to deﬁne a surface concentration of inclusions c(x) = hVi(x) as well as the conditional stresses
inside the inclusions hVri(x). Formulae (4.6), (4.7) and (4.10) are valid for any material inhomogeneity
of inclusions of any concentration and can easily be generalized to nonelliptical inclusions and the 3D case.
However, we will consider only the dilute concentration of inclusions, when the interactions between the
inclusions are neglected, and the eﬀective thermoelastic properties (4.6) and (4.7) can be estimated from
the solution series for one elliptical inclusion with the center moving along the line (0,y2) (y2 6 1.05l2)
by the use of an averaging operation (4.10).
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The solution we have derived is asymptotically exact. It means that to get the exact values, one has to
solve a whole inﬁnite set of linear equations. In practice, we solve it by applying the reduction method, i.e.,
we retain in (3.52) a certain ﬁnite number nmax of equations and unknowns. Based on asymptotic analysis of
the linear set (3.52), one can prove rigorously (e.g., Kantorovich and Krylov, 1964 that approximate solu-
tion obtained in this way converges to an exact one as nmax !1. Thus, any desirable accuracy can be
achieved by the proper choice of nmax. So, for the well-separated inclusions (dilute composite case), even
nmax = 1 provides reasonably good approximation. The smaller the distance between the inclusions (more
precisely, closest distance between their boundaries) and ﬂat half plane edge, the higher is an order of
Fourier harmonics which must be retained in the numerical solution to ensure appropriate accuracy of
computations. The convergence rate of solution with nmax increased as a function of distance Z12 between
the inhomogeneities was studied by Kushch et al. (in press). It was shown there that for Z12 = 5l1 already
nmax = 5 provides four-digit accuracy of stress evaluation. At the same time, for nearly touching inclusions
(Z12 = 2.05l1) as many as 25 harmonics are required to get an accurate convergent solution.
Some idea of the convergence rate as a function of normalized distance X2q/l2q between the elliptic inho-
mogeneity and half plane boundary can be drawn from Table 1, where the stress r11(0) values are given
corresponding to far stress S22 = 1 and traction sn = 1 at x2 = 0. In the problem considered here, the center
of the elliptic hole (k1 = 0) with aspect ratio e1 = 0.3 in the half plane with m0 = 0.3 is placed on the Ox2 axis
(see Fig. 3).
As seen from the table, for X2q = 5l2q already nmax = 5 provides four-digit accuracy of stress evaluation
at the point z = 0 where the stress peak value (and, expectably, lowest convergence rate) is observed. At the
same time, for X2q = 1.1l2q where the min distance between the boundaries of hole and half plane is as small
as 0.03l1q, nmax = 25 provides a practically convergent and accurate solution: deviation from the accurate
data obtained by the ﬁnite element method (bottom line of Table 1) does not exceed 0.5%. Based on the
above observations, the value nmax = 25 is adopted for all subsequent calculations.
Below, some results of the stress ﬁeld analysis of a half plane containing one, two and many inclusions
are given. We start with the simplest problem of this class, namely, a half plane with a single elliptic hole.
So, the plots in Fig. 2 show stress r11 variation along the ﬂat boundary x2 = 0 of half plane induced by far
stress S11 = 1 for ﬁve aspect ratio values of ellipse, centered in the point with coordinates X1q = 0 and
X2q = (l2q + dH). Here and below, we put the ellipses major semi-axis l1q = 1; distance between the hole
surface and ﬂat boundary of half plane is dH = 0.1. Calculations show that stress concentration on the free
edge of half plane is getting down with aspect ratio e (and, thus, area of hole) decreased. On the contrary,Table 1
Convergence rate of r11(0) as a function of X2q/l2q
nmax X2q/l2q = 5 X2q/l2q = 2 X2q/l2q = 1.5 X2q/l2q = 1.2 X2q/l2q = 1.1
1 1.575 4.389 5.397 6.225 6.885
3 1.677 8.735 14.72 23.19 29.92
5 1.681 10.55 24.07 60.45 228.1
7 1.681 10.75 26.64 91.75 26.57
9 1.681 10.76 26.83 93.63 71.61
11 1.681 10.76 26.84 88.75 107.9
13 1.681 10.76 26.84 86.12 136.6
15 1.681 10.76 26.84 85.19 157.0
. . . . . . . . . . . . . . . . . .
25 1.681 10.76 26.84 84.79 188.9
FEM 1.68 10.8 26.8 84.8 189.7
Fig. 3. Stress r11 variation along the edge x2 = 0 due to uniaxial tension S22 = 1 of a half plane with elliptic hole, dH = 0.1.
Fig. 2. Stress r11 variation along the edge x2 = 0 due to uniaxial tension S11 = 1 of a half plane with elliptic hole, dH = 0.1.
3474 V.I. Kushch et al. / International Journal of Solids and Structures 43 (2006) 3459–3483for the far stress S22 = 1 (and corresponding traction sn = 1 at x2 = 0) prescribed, the stress r11 concentra-
tion grows with e! 0 dramatically (Fig. 3) and both high tensile and high compressive stresses are
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e! 1 (circular hole, line 1 in Figs. 2 and 3) our numerical data perfectly match those obtained by the
numerical (FEM) and analytical (Savin, 1961, solid points in Fig. 2) methods.
Now, we take a half plane containing two identical elliptic inclusions with the elastic moduli G1 = 0.5G0
and m1 = m0 = 0.2 and analyze the stress r11 variation, induced by the far load S11 = 1, along the negative x2
semi-axis. Position of the inclusions is given by coordinates X1q = (1)q(1 + eq/2), X2q = 2eq. Curves in
Fig. 4 show the eﬀect of the inclusions shape on the stress ﬁeld in the matrix, the solid points represent
data by Dong et al. (2004) for the circular inclusions (eq = 1). This comparison gives yet another validation
of both the theory and numerical code developed in this work.
Now, we give one application of the theory developed to the practical problem of composite mechanics.
Sheng et al. (2004) considered a polymer nanocomposite of clustered structure. There, an isolated cluster
was idealized as a multi-layer stack containing N silicate plates with uniform interlayer spacing. The exper-
imentally observed plate thickness was roughly 1 nm, the layer spacing ranged from 2 to over 5 nm, and the
number of plates per cluster varied from 1 to 50. In our model, the silicate nanolayers are approximated by
the aligned ellipses with aspect ratio e = 0.01, Youngs modulus E1 = 300 GPa and Poissons ratio m1 = 0.4
embedded into Epox862 matrix with E0 = 3.01 GPa and m0 = 0.41. The number of inclusions N = 15 and
their position is given by Zp = 0 + 4i(p  1)e, p = 1,2, . . .,N. In Fig. 5, the averaged stress concentration
factor hr11i/S11 calculated as (Kushch et al., in press)Fig. 4.
inclusihr11ip þ hr22ip ¼
16G0
dp
ReC1;p;
hr22ip  hr11ip þ 2ihr12ip ¼
8G0
dp
ðD1;p  C1;pt2p0 Þ
ð5:1ÞStress r11 variation along the negative x2 semi-axis (x1 = 0) due to uniaxial tension S11 = 1 of a half plane with two elliptic
ons.
∞Fig. 5. Averaged stress hr11i in the inclusions due to uniaxial tension S11 = 1 of a half plane with a ﬁnite cluster of thin hard inclusions.
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plane hr11i/S11 = 34.6; for N = 15, it decreases more than two times even for the outer ellipses whereas var-
iation of hr11i/S11 inside the cluster reaches three times. The maximum average stress is observed in the
outer inclusions acting as a shield for the internal inclusions of the cluster: only a small amount of load
is transferred to the middle silicate layers. Such a behavior is qualitatively conﬁrmed by 2D ﬁnite element
analysis by Sheng et al. (2004) of three rectangular inclusions in the matrix.
The situation is somewhat diﬀerent when the cluster is placed near the composites surface. The corre-
sponding data for a ﬁnite dH are shown in Fig. 6 by the open triangles, circles, squares and stars. As
our numerical analysis shows, the eﬀect of nearby free boundary manifests itself in considerable (up to
two times and more) reduction of average stress in the inclusions closest to the boundary. At the same time,
stress in the inclusion on the opposite side of the cluster remains practically unchanged, see Fig. 6.
We now turn our attention to the analysis of microinhomogeneous half plane with dilute concentration
of randomly dispersed identical circular inclusions (l1 = l2 = l). Let the phase thermal expansion coeﬃcients
(CTEs) b(0) = (b0,b0,0)
> and b(1) = (b1,b1,0)
> be isotropic which will be convenient for result presentations
in a normalized form with respect to the CTEs. Elastic properties are taken from the last example (see Figs.
5 and 6). The normalized surface concentration of inclusions c(x)/c1 is related with normalized average
CTE (hVbi(x)  b0)/(b1c1) = dc(x)/c1. The normalized eﬀective CTE ~bij  ðbijðxÞ  hbijiðxÞÞ=ðb1ij 
hbiji1Þ (see Fig. 7), depending on the elastic mismatch of the matrix and inclusions, is found to be aniso-
tropic due to anisotropic stress distribution rII(x) inside the inclusions x = (x1,x2) 2 X(1) in the boundary
layer 5 6 x2/l 6 0; hear hbi1 = hbi(x) (x = (0,1)>). It should be mentioned that the boundary layer
eﬀect for the inclusion surface concentration c(x) is limited by the thin area 1 6 x2/l 6 0 due to the trivial
geometrical constraints on the possible location of inclusion centers y2 6 1.05l, while the nature of the free
edge eﬀect for the eﬀective CTE appearing in a signiﬁcantly wider strip 5 6 x2/l 6 0 is deﬁned by more
complicated reasons of inhomogeneity of residual stress rII(x) inside the inclusion in this strip (see the com-
ponents of the tensor ~b
ðxÞ=cðxÞ in Fig. 7). One presents in Fig. 8 the components of the normalized
Fig. 6. Averaged stress hr11i in the inclusions with indices p = 1 and p = N due to uniaxial tension S11 = 1 as a function of distance dH
from the half plane edge.
Fig. 7. The normalized eﬀective CTE eb vs coordinate x2: ~b11 (1), ~b22 (2), ~b11=cðxÞ (3), ~b22=cðxÞ (4).
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Fig. 8. The components of the normalized stress tensor erIIðxÞ vs coordinate x2: erII11ðxÞ (1), erII22ðxÞ (2), c(x) (3).
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ðx 2 Xð1ÞÞ, where rII1  rII10 d ¼ b1BQd is homogeneous isotropic residual stresses (deﬁned by the
Eshelby solution) inside the inclusions (x2 = 1) remote from the free edge. The use of the conditional
statistical average of stresses inside inclusions instead of hV rIIiðxÞ=ðc1rII10 Þ eliminates the variation of
the inclusion concentration c(x) in the boundary layer l < x < 0.
In a similar manner, the components of the normalized eﬀective compliance eM ijkl  ðMijklðxÞ M ð0ÞijklÞ
ðM1ijkl M ð0ÞijklÞ1 (no summation over i, j,k, l = 1,2) are depicted in Fig. 9; here M*1 M*(0,1) is the
eﬀective compliance in the remote area x2 = 1 obtained from the Eshelby solution. As can be seen in
Fig. 9, the eﬀective complianceM*(x) is slightly anisotropic: eM 1111ðxÞ 6¼ eM 2222ðxÞ at 5l < x2 < 0; the com-
ponent eM 1212 exceeding eM 2222 no more than 0.2% is not depicted. Stress concentrator factors ~rIijðxÞ ¼
hV rijiðxÞ=ðcðxÞr1ij Þ (no summation over i, j = 1,2) for the diﬀerent unit loadings Sij = d1id1j,d2id2j, and
d1id2j are presented in Fig. 10; here r
1 = BS is the Eshelby solution for the homogeneous stress distribution
inside the inclusion remote from the free edge. As can be seen, the free edge eﬀects for bothfMðxÞ and ~rIðxÞ
are also manifested in a wide strip 5 6 x2/l 6 0 that reﬂects inhomogeneity of the stresses inside the inclu-
sions (distinct from the Eshelby solution) in the vicinity of the free edge. In addition, a strong inhomoge-
neity of fMðxÞ in the thin strip l < x2 < 0 is also deﬁned by the inhomogeneity of c(x) in this area.
Thus, two length scales in the microinhomogeneous half-space were detected. The ﬁrst length scale lc1 is
deﬁned by the geometrical (constraints) on the location of the inclusion centers (y2 6 l) and exactly van-
ished at x2 6 l. The second length scale 5lP lc2 > lc1 equals the distance of the inclusion to the free edge
generating inhomogeneous stresses in the considered inclusion. However, the free-edge problem has a non-
detected third length scale lc3 deﬁned by long distance interaction between the inclusions. The inﬂuence of l
c
3
onM* negligible at the dilute concentration of inclusion being considered was analyzed for the functionally
graded material (see Buryachenko, 2001) when the second kind of length scale eﬀect is absent. It was
detected that the eﬀective elastic moduli in the large spherical cluster with the constant concentration of
Fig. 9. The components of the normalized eﬀective compliance vs the coordinate x2: eM 1111ðxÞ (solid line), eM 2222ðxÞ (dotted line), andeM 1122ðxÞ (dot-dashed line).
Fig. 10. The normalized stress concentration factors vs the coordinate x2 : ~r
I
11ðxÞ (1) and ~rI22ðxÞ (2) for Sij = d1id1j; ~rI22ðxÞ (3) and ~rI11ðxÞ
(4) for Sij = d2id2j; ~r
I
12ðxÞ (5) for Sij = d1id2j.
V.I. Kushch et al. / International Journal of Solids and Structures 43 (2006) 3459–3483 3479
3480 V.I. Kushch et al. / International Journal of Solids and Structures 43 (2006) 3459–3483spherical inclusions vary in the boundary layer of the cluster with the thickness 5l. This eﬀect expected for
nondilute concentration of inclusions in the vicinity of the free edge will lead to the inhomogeneity of sta-
tistically averaged stresses hri(x) that in turn will appear in the nonlocal nature of the eﬀective constitutive
equation, see for the references Buryachenko and Pagano (2003). However this sort of problems is beyond
the scope of the current publication.6. Conclusions
In the present work, an accurate analytical solution has been obtained for an elastic half plane contain-
ing a ﬁnite array of elliptic inclusions being a model of the near-surface area of ﬁbrous composite. The
method combines Muskhelishvilis representation of general solution in terms of complex potentials with
the superposition principle and with the Fourier integral transform to obtain a complete solution of the
many-inclusion problem. By exact satisfaction of all the boundary and interface conditions, the primary
boundary-value problem stated on a piece-homogeneous domain has been reduced to an ordinary, well-
posed set of linear algebraic equations. The properly chosen form of potentials provides a remarkably sim-
ple form of solution: so, the matrix coeﬃcients are given by the algebraic expressions and do not involve the
integral terms. It provides high numerical eﬃciency of the computational algorithm, an accuracy of which is
controlled entirely by a number of harmonics in the truncated series retained for practical calculations. The
theory developed is rather general and can be applied to solve a variety of 2D elastostatic problems includ-
ing the edge eﬀects in composites. The advanced many-particle models involving up to several hundred
inclusions and thus providing an account for the microstructure statistics can be considered in this way.
The eﬀective thermoelastic properties and stress concentration factors of random structure composites with
dilute concentration of ﬁbers have been estimated in the vicinity of a free edge. The numerical examples are
given showing: (a) accuracy and numerical eﬃciency of the method developed; (b) disclosing the way and
extent to which the nearby free or loaded boundary inﬂuences the local and mean stress concentration in
the ﬁbrous composite matrix-inclusion interface and (c) can serve as a benchmark for the approximate and
numerical methods.Acknowledgments
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encouragement and discussions.Appendix A. Some properties of the singular complex potentials
First, we establish the relationship between the functions entering the potentials us (3.6) and uh (3.7).
For this purpose, we start with the following Fourier integral transform Golovchan et al., 1993:1
zn
¼ ð	iÞn
Z 1
0
bn1
ðn 1Þ! expð
ibzÞdb; Im z ? 0.Combining it with the series expansion of the Bessel function of the ﬁrst kind (Abramovitz and Stegun,
1964)JnðzÞ ¼
X1
k¼0
ð1Þk
k!ðnþ kÞ!
z
2

 nþ2k
;
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X1
k¼1
ðnþ 2k  1Þ!
k!ðnþ kÞ!
d
2z
 nþ2k
gives us, after some algebra,tn ¼ nð	iÞn
Z 1
0
JnðdbÞ
b
expð
ibzÞdb; Im z ? 0. ðA:1ÞAnother useful formula follows directly from the generating function for the Bessel functions (Abramovitz
and Stegun, 1964):expðibzÞ ¼
X
k
ikJ kðdbÞtk. ðA:2ÞThe re-expansion formulatnp ¼
X
m
gpqnmt
m
q ; n ¼ 1; 2; . . . ; ðA:3Þwhere gpqnm ¼ gnmðZpq; dp; dqÞ, relates the potentials (3.6) written in diﬀerent local coordinate systems:
zp = zq + Zpq and tp = expnp. In the particular case dp = dq and X2pq = 0, Meisner and Kouris (1995) ex-
pressed gnm as an inﬁnite integral of the product of Bessel functions. As is easy to see, a combination of
(A.1) and (A.2) gives analogous integral representation of the expansion coeﬃcientsgpqnm ¼ nimn
Z 1
0
b1JnðdpbÞJmðdqbÞ expðibZpqÞdb; ðA:4Þfree of the above mentioned geometric restrictions.
However, evaluation of gnm from (A.4) is a rather time-consuming procedure. To improve numerical eﬃ-
ciency of the method, Kushch et al. (in press) have obtained two series expansions of gnm; here, we give
these results without derivation. The general formula isgpqnm ¼ ð1Þmn
dp
dpq
 nX1
j¼0
tðnþmþ2jÞpq
Xj
l¼0
ð1Þjl
ðj lÞ!
dp
dpq
 mþ2l
Mnmlðdp; dqÞ ðnþ mþ lþ j 1Þ!ðj lÞ! ; ðA:5Þwhere dpq ¼ dp þ dq; tpq ¼ Zpq=dpq þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðZpq=dpqÞ2  1
q
andMnmlðdp; dqÞ ¼
Xl
k¼0
ðdp=dqÞ2k
k!ðl kÞ!ðk þ nÞ!ðmþ l kÞ! . ðA:6ÞThe series (A.3) with the coeﬃcients (A.5) converges within an ellipse centered in Zq with interfoci distance
dpq and passing the pole of pth elliptic coordinate system closest to Zq which is quite suﬃcient to solve for
any two non-overlapping ellipses. For the well-separated inclusions, (A.5) simpliﬁes togpqnm ¼ ndnpð1Þm
X1
l¼0
d2lþmq Mnmlðdp; dqÞ
ðnþ mþ 2l 1Þ!
ð2ZpqÞnþmþ2l
. ðA:7ÞMoreover, in the case dp = dq (A.6) reduces toMnml ¼ ðnþ mþ lþ 1Þll!ðnþ lÞ!ðmþ lÞ! ;where (n)m is the Pohgammers symbol. The obtained expression (A.7) is simple and easy to compute.
Therefore, when one solves for many inclusions, the computational eﬀort-saving strategy is to apply
3482 V.I. Kushch et al. / International Journal of Solids and Structures 43 (2006) 3459–3483(A.5) to closest neighbors whereas interaction of the rest, more distant inclusions should be evaluated using
a simpler formula (A.7).
Finally, we mention two useful consequences of the formula (A.3). The ﬁrst of them can be obtained by
diﬀerentiation of both the parts of (A.3) with respect to zq. It gives ustnp
sinh np
¼ dp
dq
X
m
m
n
gpqnm
tmq
sinh nq
.Another diﬀerentiation of (A.3), this time with respect to Zpq results intnp
sinh np
¼
X
n
lpqnmt
m
q ;where lpqnm ¼ lnmðZpq; dp; dqÞ ¼ dpn ddZpq gpqnm. For lnm, we also have two (general and simpliﬁed) expressions ob-
tained by diﬀerentiating (A.5) and (A.7), respectively.References
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